In this article, we consider the Hyers-Ulam stability of the Euler-Lagrange quadratic functional equation
Definition . [, , ] Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is called Cauchy if for each ε >  and each t > , there exists an n  ∈ N such that for all n ≥ n  and all p > , we have N(x n+p -x n , t) >  -ε.
It is well known that every convergent sequence in a fuzzy normed space is a Cauchy sequence. If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed vector space is called a fuzzy Banach space.
We say that a mapping f : X → Y between fuzzy normed spaces X and Y is continuous at x  ∈ X if for each sequence {x n } converging to each x  ∈ X, the sequence {f (x n )} converges to f (x  ). If f : X → Y is continuous at each x ∈ X, then f : X → Y is said to be continuous on X (see [] ).
We recall the fixed point theorem from [] , which is needed in Section . Let X be a set. In , Isac and TM Rassias [] were the first to provide a new application of fixed point theorems to prove the of stability theory of functional equations. By using fixed point methods, the stability problems of several functional equations have been extensively investigated by a number of authors (see [-, -]).
The stability problem of functional equations originated from a question of Ulam 
for any fixed integer k with k = , .
In this paper, we prove the generalized Hyers-Ulam stability of the Euler-Lagrange quadratic functional equation
in fuzzy Banach spaces, where k, l are nonzero rational numbers with k = l.
General solution of (2)
Lemma . A mapping f : X → Y between linear spaces satisfies the functional equation
for any fixed rational number k with k = ,  if and only if f is quadratic.
Proof Let f be a solution of equation (). Letting
. Thus, the mapping f is even. Therefore, it suffices to prove that if a mapping f satisfies equation () for any fixed rational k with k = , , then f is quadratic. Now, replacing y by x + y in (), we have
for all x, y ∈ X. Replacing y by -y in (), we obtain Proof Let f be a solution of equation () and f () = . Putting y =  in (), we get f (kx) = k  f (x) for all x ∈ X. Putting x =  and replacing y by x, we have
for all x ∈ X. Replacing x by -x in (), one gets
for all x ∈ X. Thus equation () can be rewritten as
where a := k l = ,  for all x, y ∈ X. Therefore, it follows from Lemma . that f is quadratic. Conversely, if a mapping f is quadratic, then it is obvious that f satisfies equation ().
Stability of equation (2) by direct method
Throughout this paper, we assume that X is a linear space, (Y , N) is a fuzzy Banach space and (Z, N ) is a fuzzy normed space.
For notational convenience, given a mapping f : X → Y , we define the difference opera-
for all x, y ∈ X.
Theorem . Assume that a mapping f : X → Y with f () =  satisfies the inequality
and ϕ : X  → Z is a mapping for which there is a constant s ∈ R satisfying
for all x ∈ X and all t > . Then we can find a unique quadratic mapping Q : X → Y satisfying the equation D kl Q(x, y) =  and the inequality
for all x ∈ X. http://www.journalofinequalitiesandapplications.com/content/2013/1/358
Proof We observe from () that
for all x, y ∈ X. Putting y :=  in (), we obtain
for all x ∈ X. Therefore it follows from (), () that
for all x ∈ X and any integer n ≥ . So,
which yields
for all x ∈ X and any integers p > , m ≥ . Hence, one obtains
for all x ∈ X and any integers p > , m ≥ , t > . Since is well defined for all x ∈ X. It means that lim n→∞ N( () and so
for sufficiently large n and for all x ∈ X and all t > . Since ε is arbitrary and N is left continuous, we obtain
for all x ∈ X, which yields the approximation (). In addition, it is clear from () and (N  ) that the relation
holds for all x, y ∈ X and all t > . Therefore, we obtain by use of lim n→∞ N(
which implies D kl Q(x, y) =  by (N  ). Thus we find that Q is a quadratic mapping satisfying equation () and inequality () near the approximate quadratic mapping f : X → Y . To prove the aforementioned uniqueness, we assume now that there is another quadratic mapping Q : X → Y which satisfies inequality (). Then one establishes by the equality http://www.journalofinequalitiesandapplications.com/content/2013/1/358
for all n ∈ N, which tends to  as n → ∞ by (N  ). Therefore one obtains Q(x) = Q (x) for all x ∈ X, completing the proof of uniqueness. 
and that ϕ : X  → Z is a mapping for which there is a constant s
for all x ∈ X and all t > .
Then we can find a unique quadratic mapping Q : X → Y satisfying the equation D kl Q(x, y) =  and the inequality
for all x ∈ X.
Proof It follows from () and () that
for all x ∈ X. Therefore it follows that
for all x ∈ X and any integer n > . Thus we see from the last inequality that
The remaining assertion goes in a similar way as the corresponding part of Theorem ..
We also observe that if k =  in Theorem ., then N (ϕ(x, y), t) ≥ N (ϕ(x, y), |s| n t) →  as n → ∞, and so ϕ(x, y) =  for all x, y ∈ X. Hence, D kl f =  and f is itself a quadratic mapping. 
Corollary . Let X be a normed space and (R,
for all x, y ∈ X and all t > , then we can find a unique quadratic mapping Q : X → Y satisfying the equation D kl Q(x, y) =  and the inequality
Proof Taking ϕ(x, y) = θ  x p + θ  y p and applying Theorems . and ., we obtain the desired approximation, respectively.
The following is a simple example that the quadratic functional equation D kl f (x, y) = , k ≥ , k > l ≥  is not stable for p =  in Corollary .. This is a counterexample for the singular case p =  in a real space with a fuzzy norm N(x, t) = N (x, t) = t t+ x . Example . Let φ : R → R be defined by
where μ >  is a positive constant, and define f : R → R by
Then f satisfies the functional inequality
for all x, y ∈ R, but there do not exist a quadratic function Q : R → R and a constant β >  such that
Proof It is easy to see that φ is bounded by μ and f is bounded by
and thus () is true. Now suppose that  < |x|
is defined by μx  . Therefore, it follows from the definition of f and inequality () that
for all x, y ∈ R with  < |x|
Thus f satisfies inequality () for all x, y ∈ R. We claim that the quadratic functional equation D kl f (x, y) =  is not stable for p =  in Corollary .. Suppose on the contrary that there exist a quadratic mapping Q : R → R and a constant β >  satisfying (). Since f is bounded and continuous for all x ∈ R, Q is bounded on any open interval containing the origin and continuous at the origin. Therefore, Q must have the form Q(x) = ηx  for any x in R. Thus we obtain that
However, we can choose a positive integer p with pμ > β + |η|.
. . , p -, and so for this x we get 
We remark that if θ = , then N(D kl f (x, y), t) ≥ N (, t) = , and so D kl f (x, y) = . Thus we get f = Q is itself a quadratic mapping.
Stability of equation (2) by fixed point method
Now, in the next theorem, we are going to consider a stability problem concerning the stability of equation () by using a fixed point theorem of the alternative for contraction mappings on generalized complete metric spaces due to Margolis and Diaz [] .
Theorem . Assume that there exists a constant s ∈ R with |s| =  and q
for all x, y ∈ X, t i >  (i = , ) and that ϕ : X → Z is a mapping satisfying
for all x ∈ X and all t > . Then there exists a unique quadratic mapping Q : X → Y satisfying the equation D kl Q(x, y) =  and the inequality
Proof We consider the set of functions
and define a generalized metric on as follows: Now, we define an operator J : → as
We first prove that J is strictly contractive on . For any g, h ∈ , let ε ∈ [, ∞) be any constant with d (g, h) ≤ ε. Then we deduce from the use of () and the definition of
Since ε is an arbitrary constant with d (g, h) ≤ ε, we see that for any g, h ∈ ,
which implies J is strictly contractive with the constant |s|  q k  <  on . We now want to show that d(f , Jf ) < ∞. If we put y := , t i := t (i = , ) in (), then we arrive at
Using the fixed point theorem of the alternative for contractions on generalized complete metric spaces due to Margolis and Diaz [], we see the following (i), (ii) and (iii):
(i) There is a mapping Q :
and Q is a fixed point of the operator J, that is,
for all t >  and all x ∈ X. http://www.journalofinequalitiesandapplications.com/content/2013/1/358
for all t >  and all x ∈ X, that is, the mapping Q : X → Y given by
is well defined for all x ∈ X. In addition, it follows from the conditions (), () and (N  ) that
for all x ∈ X. Therefore we obtain, by use of (N  ), () and (), and so Q is a fixed point of the operator J and Q ∈ = {g ∈ |d (f , g) < ∞}. By the uniqueness of the fixed point of J in , we find that Q = Q , which proves the uniqueness of Q satisfying inequality (). This ends the proof of the theorem.
We observe that if  < |s| <  in Theorem ., then min{N (ϕ(x), t q ), N (ϕ(), t q )} = N (ϕ(x), t q ) for all x ∈ X and all t >  since N (ϕ(x), t q ) ≥ N (ϕ(), 
Proof The proof of this theorem is similar to that of Theorem ..
